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Summary of Talk

Part 1: Mathematical 1deas that help us make comparisons of relative size are useful
in university mathematics. (Janet’s transition to university calculus.)
OtE 1: SO 7|0 £tot °| w7t CHsE =St0f| | R E5tC= 2 YeFe
4=StX OrO|C|0f (Tt O|X ko] 2ot Janet2| T OJ)

Part 2: Despite the importance of concepts such as ratio, fraction, rate of change,
percentage, derivative, measurement, and unit conversions, many undergraduates do
not have productive quantitative meanings for these ideas. ( Project Aspire, Calculus

Tests) OIE 2: H|S 22 HsLg Ch4 37| CHQ MEho| &3t JlEo 2L M=
OfOo}

=70t Ch=2f et =2 O|2{eh OrO|C|O{0f Chot MAtA el o0& ZEFX| RERULT.
Part 3: How should university instructors help students make comparisons of
relative size while teaching college content?

OtE 3: Cfste| WAtE2 Oiet LHES 7122 I OEA 2d=0| X 27| &

H| WSS =717



a9 571

Motivating experiences for my Research

I tried to teach high school math
conceptually and wondered what my
students were capable of understanding
meaningfully given their current
mathematical thinking.

My first year I taught 9th grade algebra to
students who were considered by the school
to be about 4 grade levels behind.

Given my students’ current mathematical
understandings, I wondered what 1s ethical?
Teaching below grade level has ethical
issues. Teaching concepts they don’t have the
prior knowledge they need to understand has
different ethical problems.
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Motivating Experiences: Dr. Thompson’s Calculus Redesign

Thompson designed the class to
“address two fundamental situations:

(a) you know how fast a quantity 1s Thompson2 "= 7| 250l Atste
changing and you want to know how ol 2ot == AL (a) SO

h of it there ; d (b K AOLt e HE=X] 20, 0| HafLf
much of it there 1s, an ( )yog now Qx| % AOD, (b) ADHL} B2 0]
how much of a quantity there 1s and Q=X| 21 Q0| YOfL} 3| =X

OP T Al Ef_Tl_ St X}, (P. W. Thompson,

you want to know how fast it 1s
Byerley, et al., 2013, p. 125).

changing” (Thompson, Byerley, et al.,
2013, p. 125).

&=t WM = (Thompson and

The self-published textbook (Thompson and Ashbrook, Ashbrook, 2016) =2ctQ HoM o] B &+
2016) is available online and the curriculum has been U W=1HE 2 Thompson, Byerley,
described by Thompson, Byerley, and Hatfield (2013) and Hatfield (2013)J—f Thompson, Dreyfus

by Thompson and Dreyfus (2016). (2016)0] 2f3H & =| ALY

http://patthompson.net/ThompsonCalc/ http://patthompson.net/ThompsonCalc/
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Motivating Experiences: Dr. T’s Calculus Redesign

Why do some students love conceptual calculus e O stlS=2 7HE A 2l
. =LO0O = -
and why do others hate it? O|X&Fets S0total, & Or=
SHUE L HOjet=TR
“I took Calculus before I entered his class and felt like I~ “X+= Thompson w5~ 2| =& 45t5H7| MO
. . . H3LO A TS == = = o
had a fairly good understanding of it because I could find D! 4 T'_j::lcut EA_:)TO(I-)?J.!_TI_, Eﬂ._'—_li?l FT':XL?H ot B2
. ¢ o I: —t -t =1
answers easily to most problems. Dr. T expanded my I~ ?j| ;j e L}_% |:7 | =20 o ° 0}|\ = g| <I>:||1 ZE-T'— _
notion of what it means to understand something and I M AN BEME IEF Thompson 4257 5= 7 1 IS
: O|glietCt= A 0| 2|0|5t= Hiof Ciet Lio| 7HE =
now feel like I finally understand the Fundamental §FI*:}71| 'IH Zoiom z 4:‘:} 0| = 2 'Ic'S_l-Ol )= = 3=
. (@) - e =
Theorem of Calculus meaningfully and how someone e NT M= = = =
e e olo| 7| OlBHBT, e Rt 1S OfEA Mzte
B + UEXE LA &AL ch
“Dr. T. is an incredible teacher with a powerful ability to “Thompson W= =S SHMEN AESH 4= QI
connect with students. He was very helpful and frankly 223 5382 717 52+ WA L CH Thompson
has offered the greatest mathematics education I have WSS i@ = 20| A0, XIS NIt dEst
ever experienced.” oo ot g2 NESHSLICH”
Student reviews from first year of implementation of Pat Thomson m==°| ZfE & ol O|MEst 2 at& o
Thompson’s conceptual calculus curriculum. (2011—20152) M ER oljo| ASHo||A st=9| 2|H
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Motivating Experiences: Dr. T’s Calculus Redesign

“Worst professor I have ever had. Seriously, even if you
knew calculus before going into his class, it's extremely
difficult. He's a jerk and his TAs are creepy, help was
offered but pointless since he sucks at teaching. Retook
calc with another teacher and aced it. DO NOT TAKE
HIS CLASS I WARN YOU!”

Student reviews from first year of implementation of Pat

Thompson’s conceptual calculus curriculum. (2011-2012)6
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Motivating Experiences: Dr. T’s Calculus Redesign

= O Sk A

I noticed that many topics known to gﬂﬁ g_: (Z | (7||:_T ifjgl, ﬁj%:;l_l—, .
be difficult in calculus literature _I_—?l'gl- = x _lgo’ = H of ’ J'—'T'é'? f' )___||_—7f
involved thinking of a quotient as a i.c'.; E_II a ] gf =] 3'4_017 M ore
measure of a relative size (rate of = ﬁ'l 'ﬂ of ;12: ;_| o é oF 4 7L€| -
change, derivatives, average rate of Ol L|CH s ATTE
change, slope, trigonometry). e

) = H S
[ started asking students about their ::_“ Ot_l OQF'FQC_%EOJ_@“ ﬂ@ﬁ?ﬁ (l))rl
meanings for the elementary topics c L ViEs = OT —~ XI'W(HT h 5IH A
that were foundational to what they "5.“:'; = 5I|_ ;'l 'D_l é— 27
were learning in calculus (Byerley, A ZHHZ L T} (Byerley, Hatfield,

Hatfield, Thompson, 2012; Byerley

and Hatfield, 2013). Thompson, 2012; Byerley and

Hatfield, 2013).



Motivating Literature: Non-multiplicative meanings for rate of change and
slope are common g1 371 Maset 22 BHetsat 7S 7|0 2ot vl dX |0]7r ZE O] L,

Stump (2001) found advanced secondary
students are more likely to think of slope
as an angle measure rather than a
comparison of sizes of the changes in
two quantities.

Teachers frequently talk about a slope of m as
meaning “as x changes by 1, y changes by m”
(Byerley et al., 2016; Byerley & Thompson,
2017).

Lobato, Ellis, & Munoz (2009) found that

students generalized a meaning for slope as
the change 1in y from a classroom activity.

Stump (2001)2 2t X15Sd0| 7|27| 2
= Yol #3to| 37| & H|wdt= AO| OfL| 2}
2t FEo 2 M2tat 7t540| O L=
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WAFS 2 ml| 7|Z7|& “x7t 188 B0
[2tA, y7t mBtE #ot="2|0| 2 AgTHhy,
(Byerley et al., 2016; Byerley & Thompson, 2017).
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Motivating Literature

White and Michelmore (1996) found that students’ conception of variable was
not strong enough for them to make sense of their conceptual calculus
intervention.

White, Michelmore(1996)=

2 otd=2| #=0f et 7HE0| 7HEN 0|5 =30 A
HQIS Ol 7| 0f BEBLX| UCHs He WAL

White and Mitchelmore argued that while most existing research on
calculus students’ thinking is on topics such as function, tangent, and
limits that are particular to calculus, “another aspect that needs to be
considered 1s the question of what other concepts are involved in
applying calculus knowledge” (1996, p. 79).

White 2} I\/I|chelmore_ O Eots 4ot ehd=2 Ao thet tHF =2 7[E
A7t O =<0 Exet &, 89, Setat €2 X O[X|2h "1 2{5ofF g £ CHE
=012 0|52} X|4|0| 20| BEIE CI2 7{ 0| 2QOIX|0f B3

Z=O|Lt" (1996, p. 79)



Motivating Literature: Other redesigned calculus courses were le
successful than they hoped. o7 =72 yzs 2«
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Habre and Abboud (2006) found that, “in

the end, the one thing that is most striking Habre, Abboud(2006)2 “= 2 A & BH&H &l
is the large percentage of dropouts (33 =EM S %*%*(89%‘ = 33t
students out of 89) and failures (12 of the Fol & (LI X| 5638 & 128)2| H|=0|

. : =LCP= 7"|°'='F710HE
remaining 56 students) in the observed EHE 5SS 67).

sections” (p. 67).

At the end of their intervention study White and ol olmz Ea st AR oA

Mitchelmore (1996) concluded “almgst the | White, M1tchelmore(1996) L «H3lE
only detectable result of 24 hours of instruction Hge st oln| YA RS 7| 9%
intended to make the concept of rate of change 4*'” ul=0f A EFX' /rset 712l 1:% =t

it B2 7|2 2H-9F 2F9

more meaningful was an increase of =7patn AEX|QUCHp. 93).

manipulation-focus errors in symbolizing a
derivative” (p. 93).
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Motivating Literature: Other redesigned calculus courses were less
successful than they hoped.

r

?arner and Garner (2901) wrote Garner. Garner (2001)= "&
although the comparisons = Jlo| 4l Il EHX O
A& el Hlurt #4502
between the two groups showed oo|O|st Z{O 2 LIEILEX| O
. . . . — - A— AN —
statzst.zcal s1gn1ﬁcance., there was HLX = A0| L3t SH=
no evidence of educational HOI[FT1 HF& El_, " H-6-:| X O
significance: both reform and L ol S o
Sryicance Shliar MEXQ Sl B =
traditional students forgot most of XFAIO| HIS LHES Cjes
[ e o = L
what they supposedly had 90| H{ & CH(p. 108)

learned” (p. 108).



Motivating Literature: rate 1s a

g 712 Maet 22 g2 0 8es =8

StHAH0f| 7| 0f 242 00| C|0f O]},

Thompson (1994) found that
students’ 1images of rate substantially
impeded their progress in making

sense of the Fundamental Theorem
of Calculus (FTOC).

To many students a rate of change 1s
not a measure of the change in y in
terms of the change 1n x.

a hard 1dea for calculus students

Thompson (1994)2 St =2| H| =

o
O|O|X| 7} Ol X &3t 7| = ZE|
(FTOC, the Fundamental Theorem
of Calculus)E O|dliot= &=
oo doliotit= A= ZAMLE

= ds0A Hata2 x9
o0 CHot y Hate| £380|
OfL|Ct.
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Definitions of a few theoretical constructs

H X O|2A 7| E 0| 2ot 9|
Scheme =4

“We define a scheme as an organization of
actions, operations, images, or schemes—
which can have many entry points that
trigger action—and anticipations of
outcomes of the organization s activity
(Thompson et al., 2014, p. 11).

Pl EA2 Y& FA 0/0jX] Ek
CAlo) A (SES OISl Ato

X9 X)X 2 Fp & £ O/O I/,
&5.9 Zaof the 7|2 B2/t
(Thompson et al., 2014, p. 11)."
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QPR A VS A EA
Quantitative Versus Calculational Schemes

Thompson (2012) defined quantification as the mental process of conceiving of
some aspect of an object as measurable and understanding that the measure of the

object 1s some multiple of the chosen unit of measure.

Thompson (2012)2 &3} [l ato] P X012 278 Jp5 3}t 28t L4l 20
Mesh 2 Eholo| Hiate 2 Ofsdts HAN 2 o2 Yolsr,
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What is the volume of this box?

Of BfAQ9| Fol= ZOpRl7t?
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Calculational Reasoning AHAtA =2

Teacher: (Discusses with BJ how the diagram represents a
hollow box and what about it eachnumber in the diagram

indicated.)

Student 1: (Reads question.) I don’t know. There’s not
enough information.

Teacher: What information do you need?

Student 1: I need to know how long the other sides are.
Teacher: What would you do if you knew those numbers?
Student 1: Multiply them.

Teacher: Any 1idea what you would get when you multiply
them?

Student 1: No. It would depend on the numbers.

Teacher: Does 17 have anything to do with these
numbers?

Student 1: No. It’s just the area of that face.

17in
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Quantitative Reasoning Y& ==

* Student 2: (Reads question.) Oh. . T (RRE Q= @ F=77F 0|0
Somebody’s already done part of it for us. o3|Z o UAHZ =0 Q.
* Teacher: What do you mean? e WA} 2 0HO|Of?
* Student 2: All we have to do now is - ol 2: O|X 2|7} siofot= 2= A 171t
multiply 17 and 6. 65 o= A0|0 K.
e Teacher: Some children think that you have - WAL CHE OFO|&2 O] &0 Edt7| Tof
to know the otheﬁ1 two dlr%}ens%ns efore q CIE = 79| XIS Oof0of & Z e T}
you can answer this question. Do you nee OICE=1 AHZFSH 5t S oF m
to know them? S)TEQ'-;;T.';O_IAAO-I :I_E-|0|_|' JdE = ER7|'
. AN = .
* Student 2: No, not really. | . BHA 2 OFL| 8.
. ;lileear%l‘l?er: What would you do if you knew . IILI)CKJ; Eﬁ%% QUOICIH L= 2ol2 st &
: =)
AN = .
* Student 2: I’d just multiply them. « StM 242 52 HO 8.
* Teacher: What would you get when you o WAL OAASE ot FAS €A &Y
multiplied them? | - o4 2:17.

e Student 2: 17.

17in




Calculational Meanings for
Fractions



A Quantitative Meaning for a Fraction

40| 2 AHE| o|0]

- "1 —

8/7 1s eight copies of 1/7 of one whole

8/72= X 2| 1/72] O & 7l O|Ct.
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How is a quantitative meaning for measurement
related to difference quotients? xjo| = =xo

aIA 1 O

FA oli|= ofiett?

J(x+h)—f(x)

h AAZ2HA = FAILE
: f(x+h)-f(x)2| 22 he| H HYZ E b2
Ask yourself: The
quantity f(x-+h)-f(x)
1s how many times
as large as h?

1.51 \
\
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Quantitative Rate of Change Function Scheme
U Hstg B £

0.5

L —

Constructing a graph of a rate of change function entails
being able to 1imagine how a rate of change of the original
function varies as the value of x varies (Thompson, 1994).
The student should visualize a sequence of representations of
changes in x and associated changes in y. Then the student
should imagine how the quotient Ay/Ax varies by measuring
Ay in terms of Ax.

Hotg oto| de|Z & Fdst= A2 x7t Hotes 440 [hatA fle)
ot9| Hst=0| O{EH HII=X|E Aatet &= UA SFCHThompson,
1994). St 2 x7} B35} yo| B0 B =l Ao HAS A|Z3let 5=
ULCH I CHS O S 2 AxOl| CHBE AYyE SEHCEM OE A &
Ay/AxO| HSI=X|E oot o= ULt

20



Calculational Rate of Change Function Scheme
UE| B3t B4 EA

AASFA |
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Quantitative Fraction and Measure Schemes are
Important for Later Learning

SH =T FE 242 25 S50M SR,

Steffe, Liss, and Young Lee (2014) found that
students used developmentally advanced fraction
schemes involving coordinating three levels of units
(defined shortly) to construct an awareness of
proportionality and a multiplicative conception of
rate. Thus, long before students are ready for
understanding rate of change functions they must
coordinate three levels of units to support
multiplicative fraction and measure schemes.

Steffe, Liss, Young Lee(2014)= St =0 H| |0 CHgr Q1A uf H| =0 2ot 5 7iHE S
T 335t7| }ISH A A =9 B E A BelEh)E 2EotE du 2 MAE
ANEMS = HAJCE M2tM st S0| Hatg 28 Olofe =H|7F & 7] 4 T
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Research Question for study of Janet’s transition
to university calculus (Byerley,

Janetl| CHet O| M &5t 0t= FO|0f 2ot Ao AL EHE

—_ L -

How do students’ fraction and measure,

- . . St S 0| Baol =
schemes 1mpact their understandings of XA A 0| & sk 1
rate of change functions in a redesigned  +, % el

- S g0l ofsfof of

calculus course?
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Qualitative Methods

Fall 2014: Tutored five students individually once a
week and recorded observations.

Spring 20135: Picked six calculus students and conducted
three interviews with each student.

This analysis focuses on one student’s measurement
and partitioning schemes and the relationship to her
understanding of rate of change functions.
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Introducing Janet

J was a curious and motivated student.

She wanted to triple major in

anthropology, biology, and psychology.
She took calculus because she had heard
that calculus was crucial for being able to
model the social and political world

quantitatively.

She was curious about how people

learned and presented a poster entitled
“The Role of Introspection in Children’s

Theory of Mind Development™ at a
national Cognitive Development
Conference.

Janet 2~ 7¥

Janet= 27| O| Bf D oqo|7r
Ol = SHAHO| AL} Janet QI 2 S

M- /|1 O t— T =,
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J’s thoughts on fractions and division fanetol AbTL
She did not feel that her high school mathematics ¥ aﬁt; flo%l %*lFDLl T3 fcﬁ 0 ;‘Ti of o
. . : — ——l — = 3 or—

experiences helped her improve h§r meanings for | K| OFOFCIT Al z?ﬂ E"F ol LF3PEE
fractions because “the standard thing was that «A 010 TS MALIO| 2|0l A
teachers gave us fractions and the first step wasto  EE FI0 X HRY A= 255
get rid of them so we didn’t have to think about fllﬂ SO ===0fl ol B SR 7Y _
them.” She explained that when she looks at a o == Of= A0| 7| I T O[T, Janet=
fraction she “literally just see[s] those as symbols =TS = “—.—Xf 0= +%%

e v I SC a5 SYmboIS- - J|s2 ELch ¥ A Of R HE
It 1s literally not representing anything.” ESSIX| Q& L|Chatn Amac

J realized her algorithm for long division was
wrong 1n our interviews and she was mad that she
earned so many good grades in math with no one
ever noticing she didn’t understand the division
algorithm.

Janet: OIH RO 71 Lix é.
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J's partitioning schemes Janet2| &

3. Place the following fractions as carefully as possible on the number line below.
(The fraction 1/2 has been placed as an example.)

5/7 18/14 27/13 9/7
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J’s partitioning schemes

3. Place the following fractions as carefully as possible on the number line below.
(The fraction 1/2 has been placed as an example.)

5/7 18/14 27/13 9/7
. 2.

l4\|§ mn A2

ELS "
l J I
‘illllllllqllg‘”illl:,

|
0 1 2 3

Ot 2| =20 A “tsot
=0t ChE 248 HAISHA L.

(Ol Al: v5)

J did not think to repartition 5/7 and 4/5 into thirty-

fifths to decide which fraction was bigger.

J expressed frustration when
trying to cut a circle into five [ —"\ =
equal pieces. \ /

Janet= O 27} o 2X|& £273517|

I8l 5/710F 4/5E 35 MES
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Interviewer: What 1s the problem with the pie? How

come that 1sn’t working for you?
J: Because I can’t draw 1t equally. It 1s hard for me to

visualize 1t. Cause i1t 1s like, you know what I

mean?
I: You have a drawing limitation.

J: Right, not uh... yeah.

[: What you’d like 1s to draw four-fifths perfectly and

five-sevenths perfectly.
J: And then be able to visualize.

[: But they are too close to each other to be able to tell
from the imperfect drawing.

J: Yes. Right. That 1s exactly it.

HEXL IHO| EX| UM F 20|

=N el7tar el & o+ UR/ALIK?
Janet: A= S oA O = QiR 7|
[ 20|0]| . A|Z=2}ot= A 0|
MOA H4E . AAd0| F&

L OIX| OA A 22

HEX}E 2= 4 {212 0|
AATL.

Janet: 0L, 0. 4.

HEX: 4/58 SHEISHA| 2|
5/7= 2AYSHA A2|l= AOo|RE 1.
Janet: 12|10 LA A|Zzpet 4=
AN L.
M =R X} SEA|BE L & 71710 & O
UM & = gi0a.

Janet: 4|, 40t . M=ts| 2.




Janet2 =5=0f 2ot Z ot AX L AZ ZF=X| BEQULCEH
J did not have strong quantitative schemes for fractions

J did not think of repartitioning the pieces
into thirty-fifths so that she could compare |47 ixj=l o = KOt WY 7HX| JanetS
| ©)

the sizes of the two fractions until I B0l 37|12 H|mdt7| Qe =22
suggested this explicitly. 35220 2 I ESHSt= HE M ZEXR K}
SFX| B RALE.

When I suggested she multiply fractions by N

one, she did so, then doubted herself H 4 —E——T—EW _L% I__"='__'°Mh .L aEeto% :Lfod Zﬂ

because she did not understand the AL, 5/55 ot ijif _"—_OEF? L e A
- . ALole] Aghd= OfdhorA| X 7| =0

connection between multiplying by 5/5and 5, XS O|AIBHC} Janet 5/79] 5/52

partltlgnlng a .p.aI‘tl.tIOIl. She Q1d not. IMagine 5 70) S|Ctals O 2 7h=sle AHS

recursive partitioning to justify seeing 5/5 of HMctas}7| Q8] HHE R O] B3L2

5/7 as equivalent to 5/7. Instead, she felt like AMASIX| QQFCE CHAl JanetE 5/55 St

did something wrong when multiplying by [ “«@Z0f Z2 Y2 SHX| LU7|~

5/5 because she did not “do the same thing  W=0 E7F ZXE AL =2

to both sides.” 30



Further evidence of Janet’s limited quantitative schemes

for fractions

She did not see 6/8 as equivalent to
3/4. If each 1/4 1n 3/4 1s cut up 1nto
two equal pieces 1t make 1t possible
to see 3/4 and 6/8 as equivalent.

She suggested subtracting 1/8
from 1/5 to find 1/8 of 1/5.

=30 2t3t janetl| N|ot=l A L AIO| F=TF S

Janet= 6/8= 3/40f| S St= A2 2 HX]|
URUALCE 3/401 1/4 2t F 72| 5
ZTHO = X2H 3/42t 6/85 S
7 ULt

[
n
o

_OI_I-

Janet= 1/50| A 1/82 B Al 1/52] 1/8
X2 742 Kot}

xX=2 A= L— AA
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Janet’s fraction schemes impacted her attempts to draw a
graph of a sine function and the rate of change of a sine

function.

ASIgts0| 1

Sk 0| |:|2|2|.

Janeto| AEO &

32




J's did not have a strong qua
improper fractions

ntitative scheme for

Janet= FHEot 0| 2ot ZEot ¥ A S AFX| AL

1 =L =T — - O /1 L=

Prompt: “As the angle’s measure increases
from O radians to st/2 radians, how does the
quotient AC/AB change?”
TETE. ZIO| A7|7} 00| n/22}C| Rt 2
S/t 0l 2t AC/ABL| =2 O{E A Hot5t=71
J’s first instinct was to measure the
longer segment in terms of the shorter
segment and incorrectly estimated that
AC/AB was greater than one. With
redirection and substantial support she

appropriately estimated AC/AB for
several values of 0.
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J's struggled to measure Ay in terms of Ax
Janet= AxOf| CHSF AyS F7391= O| 012{ 8= A ALY

J: | keep mixing up...

Janet: A& 8. , . . .
Interviewer: You mix up which paaldanaas oL SRR demmmentan
direction you are going. e ' ' '
HE R} Janet, @eF= Al 42|10 ] Pl
9}'&01 Q 0 i:’T/2 . e,
J:1do. e Fomemeyeeoe- -Vl eeeore-
Janet: . , ' ' ' '

I: Usually you try to fit the smaller one

into the bigger one.

GIEHRL: Qe o2 e g 2
Ao HFH1 R,

J: That is exactly what it is.

Janet: HFZ 11740|0]| 2.



ALQIgt HatE AL

L. . T EIE: Q] vt gholl
Investigating Rate of Change of Sine o3 2= Z7dgk ol ot
A& AC/ABS] W3l&5
Prompt: “estimate the rate of change of the ratio AC/AB with Z AN L. =A7F A2
respect to the angle measure O for various values of 0. What could % &o| == 183
we type into graphing calculator to help us make our estimates?” (I Al4F7]o FRAS 4E &
told her function was named sine) RFUH7R? (U= 2ol A
g o] o] Abeloleta
sin (%) — sin(0) =)

Interviewer: We found the difference, how much the ratio changed HE AL Oﬂtlﬁ)i% 8=
o

i}
between 0 and pi divided by 8. Is that what rate of change of = ? 201 %
ratio with respect to angle measure means to you? Hot= 0| F

J: That is what I’'m thinking.

I: So the rate of change of the quantity is how much it changed? HALIR?

J: Right. Janet: 3FOI Q.
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ol e d
the rate of change of sine

H
ing

She did not notice that the changes in y were
smaller for subsequent equally sized changes in x
as x increased from 0 to 7/2. She appeared to rely
on the accuracy of her drawing and was unable to
mentally visualize the changes in y becoming
smaller for equally sized changes in x on the
concave down graph.

Janet= x7F 00| M /22 S 720 T2} x 2

S 2ok 37| Hatof CisH yo| Halot O &iCh=

E|X = UCF Janet= 1 & 9

O|E=5t= 7'|X‘|E'| HAD 2=

2ff Z 0] H xO| & 'J37| HotOf

u_q*pr AOMX|= AS HElHo =2
AULCE.

O
fujo
11l
i)
O >t

|O|_|2

rokox

> D2 oz o%
<

N OF Jju jtok

fot
o
> 1
59



Estimating the rate of change near n/2

It was not visually obvious to J that the rate of change of
sine 1s essentially zero on a small interval around /2.

AtRlerr0| Bet=0| n2 SHE| &2

ZH A0 A E’é&_g 00|2H= A0
JanetO| Al= Al 4 S = EHSHA]

OO
LS )UICE

37



Interviewer: You said before you did not like small intervals.
J: Yeah. [We laugh. ]

I: Is that stressing you out right now?
J: Uhh... I think 1t just makes it hard for me to conceptualize.

I: What 1s it about the small intervals that...? Can you articulate what
you don’t like about them?

HEAL &2 7H4 2 F0ISHA| =0l ol

Janet: 4. [Z&24&2

IR A2 0|7 AEHAS Fitas

Janet: =... /1E2tot= A ({ECHLD d4951 2

HEHX} 2H2 74240 2912 o|0|8HLER .. 9 ZH2 ZHZ 0] 2l A
ZO0IoHX| = R &= 29581 = = A0 K7



Janet: [X =] 1Al ... Xl= Xoll&. M=
NZHoZ Ots £ gloje. 12
AOotM R, dolof et 2HM = O
J: [we laugh] Itis that I... I can’t ... I can’t visually create 2ol 03 =Hg 3 o 3+0|
them. Because they are so small. By definition they 2rR?
shouldn’t really be large enough that I can actually & E.*XL: éLEI_H M. FE|7 L Fh)\%o':'fg O17]0f
draw them. Does that make sense? "‘MEHL 140l S5
- - Yoot [AX| 2 =0 E=
I: So...are the intervals we made right here for 4, do those 7S sl 7]
. o« . . - 1= AA .
bug you? [I point to small, but visible intervals. ] Janet: OFL|Q_ SHX[OF 1 AS0| X

J: No... but I don’t know what they are I guess. They don’t
have values assigned, so I can’t...so if you ask me to
compute...We are saying that this 1s similar to the size
of these intervals. I don’t know what these are [points
to Ax intervals], so I don’t know the size of this
[points to associated Ay intervals].

2. 2 4ol SV
=0]... 2+ |l0j. 2 0|
of Al Alths REoHEA.... O
A2 37| 2 H|==olbtn Y
Q0|0 K. XM= 0| Q0| [Ax Zt A0
Chet ®] FAQIX| 2=27| I Z0f O
L

22 Ay 2t 0] Cf3t F 0| 37|15

—_ L

o

>

|



J’s Measurement Scheme hindered her
understanding of the rate of change function

Janet?| 58 =42 Hzts 2| O[5H0f Yol 7t | /ULt

J was able to carry out a physical measurement

i it le and wh Janet= M= 0f Chet E2[HQ S &S
process on line segments were visible and when ABUSE 2 QI T Janet B A E0|
she measured the longer segment in terms of the st 71 MES =H3HC}

shorter segment.

Her measurement scheme was not stable
: : - Janet2| 5 A2 &
enough for her to carry it out in her mind ! =

. . . JanetO]| HEl£0 2 =3t
without carrying out the activity of Oir;e_' ,Hl . Totorer | o
- O —|O|X| L'<'5N\|:|'-
measurement.
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J's obstacles to understanding the rate of

change of sine

1. Finding 3/4 of 2n to label unit circle (4.5
minutes)

2. Visualizing how the sine ratio changed as 0 increased
from 0 to n/2 (19 minutes.)

3. Estimating a rate of change with a difference instead of
a quotient.

4. Tried and failed to make equally sized changes in x
because she did not know how to write a sequence of
equally spaced fractions. (saw 1/2, 1/4, 1/6, 1/8 as
equally spaced)

5. Estimated a rate of change by finding Ax/Ay instead of
Ay/Ax.

6. Struggled to see that a concave down function has a
decreasing rate of change.

ALQISha=0| H 3l O|SH 0| A
Janetl| MO =

CHel R0 22 = 20|7| I8l 2n 2l % 7| (4.5w)

07t 00| M w22 S7Het0fl her AFR12| H|E O]
O A AR =X A L=t (192)

= i Xto|9| HztEs FEo}

S 7H 20| B4 £ U TS B S
22| 20| x| N S LS 37|2| #3}E
A Z R B ATHRCE (S L3 ZHHOR 1 v, 1/6,
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Is J typical? Janet2| A}

|7} LRI Q1)

Pretest
A
A A}

Test 1 Test 2 Test 3
Al A" 2 Ald 3

Final
&

Janet 339

82%

65%

Spring 2015
Mean 20153

0]
257| B o

64%

59%

“It is the worst! I'm doing well on the tests

and | am doing well in the class but if you «
slightly lift up the veil it literally is terrible.

How am | able to get A’s | and really

B’s on these tests when | fundamentally
don’t understand what a fraction is?

[laughs] That blows my mind.”
(Note: Tests were curved)
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Part2 LfE2

Part 2: Despite the importance of concepts such as ratio, fraction, rate of change,
percentage, derivative, measurement, and unit conversions, many undergraduates do
not have productive quantitative meanings for these ideas. ( Project Aspire, Calculus

Tests)
OtE 2: H| &, &, Hats, HAE, Tot, 37|, Bhe| Hetat Z2 71 g2
290t =751, Ch=2| Cfsh =2 O|2{St OrO|C|0fof 2ot MAr™ Q1 ofn| =

S FX| ERUALE.



Evidence from literature: US ca

SH0[N | A 0| 20| D|HES e 52

lculus students’ struggle with measure

-/ T OO L- 1O | O-|E:I%% 'I‘IE|:|--

26.6% of 169 calculus students had
correct units in all of their responses
to elementary questions like finding
the area of a square (Dorko, 2012).

Dorko (2012) “found that the student
thinking behind length units used for
other spatial computations appears to
be that the units of the answer are the
same units in which the shape was
initially measured” (p. 5).

ALY B2 7|2 X0l B2
i3t B E SEOIAN SHI2 TH9lS

M U CHDorko, 201

(O]
~—

Dorko (2012) “CtE S Zt2] A 40|
20| Bt F|of H25t= =kl Bel Bh{7t

o
NS SHE Chelot S A 7
H

HRICh= A S EAE (o

5cm
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49% of a nationally representative sample of US
12t graders solved this item correctly

The number of pints in 10 gallons could be

determined by performing which of the
following operations?

A. Multiplying 10 by 2

B. Dividing 10 by 6

C. Multiplying 10 by 6

D. Dividing 40 by 2

E. Multiplying 40 by 2

The students were told that one gallon

equals four quarts and one quart equals
two pints in the problem.

0| = 129tHS| 77X
HE29| 49%7t 0| &

Jo A
o |0
mfo HU
C rm

A. 100{| 2& &5}7
B. 102 622 L}
C. 100 6= &=°7
D. 402 22 Lt&7
E. 400{ 2E &}7|

o
-
al

=HOAM 1 ZE2
1 HES 2 ORI ESF 00



7|E L= |||-.|C:|)|-|:||:|'%

= 0[A A ECL.

Measurement 1s difficult for many highly educated people

Difficulties with measurement are also common in
doctors with medical degrees. For example, in one
study there were 55 medication errors per 100
patients admitted with 28% of those errors related
to prescribing appropriate doses of medicine

(Kaushal et. al., 2001).

Chemistry students’ difficulties with measurement
has driven many to investigate more effective
methods of teaching unit conversions; for instance,
by including descriptive words with calculations
(DeLorenzo, 1994), having students work
collaboratively with manipulatives (Saitta,
Gittings, & Geiger, 2011), and using interactive
software that shows the sizes of units (Ellis, 2013).

Sk E 7HT OIAS 0| A = &5

I DECH O E =0, ot

100H E 5574 9]

= 28%+—= XAl
F RICHKaushal

dmre 4% 1o

19 -1 oAt 1ot
ok Hr
mo, o, >

L=

\d
™ -
$0
£Q

.

|O

| Oldi= =0 &2
IEX= O

Al = RACE Ol S
mest

dS0] =&4ELE

kOF 1Ok I|%

= oz o

I it H
d

Rl 10
oF

19l

(DelLorenzo, 1994),
&& UG St (Saitta, Gittings, &
Geiger, 2011), Et¢| 7|8 EOlF &
Ozt AZEQOE AR SHTH(Ells, 2013).
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O|= oLt S 1358 Al
Test of 135 US Medical School Graduates

—_ -

commonly used in hospital. Only 33/135 (24%) of the URANLE FT = 33/135 (24%)2t0| 5
doctors answered all five correctly, while 102/135 (76%)  MHEIS ‘;‘J;’-‘—igm, 1= 102/135 (76%) <=
of them made errors that could have caused serious harm QA A A AlZESE TS E Qg &~
=
=2

Five questions involved the calculation of doses of drugs 2 2F 7| M_Tl_f 3 & E CHA 7|-I| é‘ =0|
i

Oo = - —
in clinical practice. A= Q= E Hl[}
Doctors also had difficulty calculating the correct volume  Eot S HXIVL 5822 mg/kg MS
of local anaesthetic to administer to a patient on a CER{Y| Al ml EFR 2 B2 OFSHE =
question that required candidates to convert the dose from A 20| CSH X EF A=A OJAIE R
mg/kg body weight to a volume in ml. Although 108/135  =}X}0j| A & A=tst 24 OFF H| 2
(80%) of the doctors calculated the correct volume, five B1OlE AASHE O ({22 AL
(3.7%) of them selected a lethal dose of almost four times  FT2| 108/135 (80%)/t M=ot 2o &
the therapeutic maximum. (Taylor, 2017) AAMMXBE 0= 57 3.7%)= K=
x|THX|2] HO| AH{Of ErSHe KAFZS

MEASHCH(Taylor, 2017).



Aspire L= M E Of 7| At
Overview of Project Aspire

Dr. Pat Thompson and his
research team designed and
validated an assessment of
secondary teachers’
mathematical meanings for
teaching. The assessment
included 2 items about
measurement and a variety of

items involving rate of change.
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Aspire L= M E Of 7|t
Overview of Project Aspire

<E 1> MZ, SIS0 IH2 0|2 mAFSH 8H2 mAbO| 4

U

Table 1. US and SK teachers, school level by major

Math Majors MathEd Majors  Other Major  Total

Korea High School teachers 81 175 7 263
Korea Middle School teachers 33 49 19 101
U.S. >Calc teachers* 29 24 21 74
U.S. <Calc teachers, ** 34 59 85 178
Total 177 307 132 616

* >Calc means U.S. high school teachers who taught calculus or higher at least once
** <Calc means U.S. high school teachers who never taught calculus

*** Two Korean teachers and one U.S. teacher did not report their degrees.

*>Cale= O|H 25} O] Mt=5 ot O|& 72X H 0| 15w WArE 2|0| o
**<Calce DI ZStS 712N & 40| 8l= O|= WARS o|0[otrt.

wer 2 B12 MARQL 3E 0| O|F WAL H9[S B oA $YULH



Aspire ALOAN 8 &=

Measurement Items from Aspire Study

A container has a volume of m liters. One gallon i1s 189/50 times as large as one liter.
What is the container’s volume in gallons?

257k m g9 4717 ek 1 Ade 1289 P a2 o) 479 2az

50
Ao g g, I o8 P8 L.

nlu

In Nerdland they measure lengths in Nerds. The highlighted arc measured in Nerds 1s 12 Nerds.

In Rapland they measure lengths in Raps. One Rap is 3/4 the length of one Nerd. What is the
measure of the highlighted arc in Raps?

U=l AR e UEehe 9918 g el dols ST g ol B4 58
HE2 245 124 =oloh, Ankekol A AL S S Holeh B9l AHastol ol &

=A% | P 1 =9 —OIE} FA EAE 59 Aol & Yo & ERYH?

© 2014 Arizona Board of Regents. Project Aspire.



O|= WARt ot= WAtV 5= 255 SHEA Bt HUEE =5FM 2.

Guess what percent of US and SK teachers

answered both 1tems correctly.

A container has a volume of m liters. One gallon
1s 189/50 times as large as one liter. What is the
container’s volume in gallons?

In Nerdland they measure lengths in Nerds. The
highlighted arc measured in Nerds is 12 Nerds. In
Rapland they measure lengths in Raps. One Rap
1s 3/4 the length of one Nerd. What is the
measure of the highlighted arc in Raps?

(Byerley & Thompson, 2017)
© Arizona Board of Regents. Used with Permission

Poll 1: Select what percent of
US and SK secondary
mathematics teachers answered
both items correctly. Both
groups were paid to take test.

1. 21 % of US teachers and
42% of SK teachers

2. 55 % of US teachers and 80
% of SK teachers

3. 74 % of US teachers and
91% of SK teachers

4. 74% of US teachers and 51%
of SK teachers.



Aspire ATO| A <A HOf| A E[H 2>

Gallons to Liters from Aspire Study

21% of 251 US high school math 21% of 251 US L&t =5t
teachers in sample responded WAL S 21%7F Nerds, Raps2f
correctly to both Nerds and Raps AHO| A 2| Het 20| 25
and Gallons to Liters. ZHEA SERUCE.
42% of a nationally representative H=aXMo 2 &Rl K| = 3362
sample of 336 South Korean ol WAL & 42%7t & 7HA]
teachers responded correctly to both A0 25 SHIEA SERUCH
tasks.

SHEO H=2 o f|et 2FH0
The quality of responses was not UL =3t MSA= FH
correlated to their degree. Math WAOA 5 7Hesd0| O
majors were not more likely to be =X| R ULCHByerley and
successful on measurement tasks Thompson, 2017).

(Byerley and Thompson, 2017).



ZE0M S HEZ O|A] B2t
Example Answers to Gallons to Liters

1 gallon 1 liter

TR - I
| 89 Y0
p m




Gallons to Liters Nerds to Raps

Correct: Incorrect: Total Correct: Incorrect:
(50/189)m | (189/50) Secondary 16 Raps | 9 Raps
m Math 34% 47% 18.5%
Teachers
South Korea 58% 30% 12%
USA 47% 43% 10% 251
South 51% 41% 8% 336

Korea



0| 28t 204 70| JhH
Overview of my study of calculus students

* How do a large sample of Calculus Students at
Colorado State University and Arizona State

University respond to fraction, measure, and rate

items on a diagnostic pretest?

- Z2ate 2 et} ofal £L 28l TfSlo) M 2 m2ol |x g
TIE %3'7H)1IA1 =+, 37, ngoﬂ chst sh=0f o2 A B2 3=}
* How typical are the experiences of the students in

the qualitative study?

- 28 A0 Sl S dl2 EREH T

ZFAH

A =o
_|_ o= "1_



(Gallons to Liters
(Multiple Choice)

A container has a volume of m
liters. One gallon 1s 189/50
times as large as one liter. What

1s the container’s volume 1n
gallons?

1893 2953

( 50 ) m (189) m
189 50
ZHm  (GEm

2=0M EHZ

(7H_T'_|-)\I
11— 1

AH|O|LH o] 2|7t
m2|EO|CH 1 ZEL2 12|H 9
189/508H O| Cf. Z1E| 0| L 2
2= H AZE0I7}9

Modified Aspire Item. (c) Arizona Board of Regents 2015.
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>0
Shoe Measure M EH O =M

Bob and Kat are using their shoes to
measure the length of a rug. Bob’s shoes
are 12/11 times as long as Kat’s shoes. The
rug 1s 10.4 Bob shoe lengths long. How
many times would Kat’s shoes fit in the
length of the rug?

a) (12*10.4)/11
b) 10.4/(12/11)
c) 10.4/(12*11)
d) (12*11)/10.4
¢) None of the above

Bob | Kat= 7HH| E

=XBE7| 8l RpAlC
*fﬂ3PE1 SICEH Bobl| ALY

Katl| AErO| 12/11Hf

7L E = BobQ| AlFo| 20| )

10.4Hf S CH. ﬂﬂIEO

20[= 7|

7ol Kat2| /&= 0Lt BO|

M| O10F St=712

a) (12*%10.4)/11
b) 10.4/(12/11)
¢) 10.4/(12*11)
d) (12*11)/10.4

e) Bol 8l



Fractions on a Number line <=2{ 10| A 2| E 5=

Place the following fractions as

carefully as possible on the number Ot el =& MO|A 7Tt

. -| O HAE 1T AlA
line below. (The fraction 1/2 has s %'FOE}H I:h:, =TS HAISIA[L.
been placed as an example.) (G AL v2)
5/7 18/14 27/13 9/7
112



Ms. Roland gave her students the following problem to solve:

Candice has 4/5 of a meter of cloth. She uses 1/8 of a meter for a project.
How much cloth does she have left after the project?

She had students use the number line so that they could draw the lengths. Which of the
following diagrams shows the solution? Assume all intervals are subdivided equally.

(d)

(e)

Fraction of Cloth
40| Cist 2=

Ms. Roland= Cl=1dt &2
=X M| A|SHRILCE.

Candice= 4/5 O|E{ 2| 2 Z 0]
RUCE candices ZE2HEE
5l 1/8 O|H ZE AFEIULY.
Z=ME O|=0f 0Ot B2
Z 0| HOtU=7}?

Ms. Roland = Z€0|& 12|7|
Flo SA0|A =2 M-S
AESHA AL CHO|{ O =
O 2A|0f Ciet &= LIEILH=
A2? B E F110|

s AL 7HESHAL



Percent of students with correct answers to pretest items.
AH ZALEHS HEE HME

=
Course Fraction of Cloth |Gallons to Liters Fractions on a Number |Shoe Measure
= o et 2+ |[ZAHN A 2[H Line MaEk=d

AL =H A
SEM Mo B4

First Semester 26.7% of 153 15.6% of 153 52.2% of 153 placed all |Not given
Calculus at Arizona fractions correctly
State University XAl E| X| ek
o [=1 g >=
u*x?fl = 7| 153 & 522%7F 2=

5= 245 262

LrEFSHCE.

Second Semester  42.2% of 490 27.3 % of 868 Not administered 41.7 % of 378

Calculus at
Colorado State
University

= B 7]

0| %28

O = Al

First Semester
Calculus at
Colorado State
Universty
AW st

0|23

Not administered

O] 2 Al

21.1% of 592

Not administered

O = Al

33.7% of 738

b0




COVID-TASER NSF Project

How are people interpreting COVID-19 data?

We designed an interview protocol by collecting
representations of COVID-19 data that we hypothesized
would be interpreted differently by citizens with varying
mathematical understandings.

We used zoom to conduct task-based clinical interview
with 25 US citizens and 7 SK citizens between April 219,

2020 and May 11, 2020 (Ginsburg, 1997; Goldin, 1997).

We analyzed participants’ responses by transcribing and
coding interviews using models of mathematical
thinking as guidance. (Yoon, et. al., 2021)

COVID-TASER NSF E/2 Ef%@
=t O[5 off theEf A Bl= 0|
:@Lr 19 2t X2 0f EfEHI
Olgffer A0|2t= 7Hd = 7HK|
IR Z2EZSS

C| XFOIR & L

COVID-TASER NSF &l 220204
4829 E1 52 1120 25F 9
Ol= A|2l= 2|11 72| ot=
AMBl== LWMHFEEI LA
IR E S22 = A|HMESLILC

O A H



Research Questions

General: How do citizens’ mathematics support them in assessing the
severity of COVID-19?

2 MR ABIS0 $82 B2 199 A2 S BIISHC| O EA E8S FETh

For this talk: How do citizens make comparisons of relative sizes of
guantities related to COVID-19?

Q50| 7|EL M A|NS0| TR} 19 BHE 2AQ ATHH 37|12 OfEH b @SH=Tt?



Flu versus Covid-19 Rates

Scientists (such as Wu and team) estimate the symptomatic fatality rate for
COVID-19 is between 0.9 and 2.1%. The symptomatic fatality rate for the
seasonal flu is usually about 0.1% in the U.S.

A. How should this data impact decision making about social distancing?

B. Suppose there are two hypothetical situations. In one situation 50 million
people get the flu. In the other situation 50 million people get the coronavirus.
Assuming the death rates of .1% and 2.1% how many times as many people
will die from the coronavirus as the flu?



Flu versus Covid-19 Rates
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Eunseok: 0.1% of 50 million 1s 1/1000 of 50 million. Then... 1sn't
it 50,0007 1 million people would die when death rate of the
coronavirus 1s 2.1% since 1t 1s like 2/100. Then 1sn't that 20 times
more?

24 5Tt FOl 0.1% M 5000H 2| 1/10000|Ct. 121 ™ sTHYH OfX| GkL}?
HELIHO|2{ A742% 2HH 2/1000| 221002 HO| H=CH 12| ™ 208 7F HEX| 242712

Amelia: The numbers of 50 million and 50 million do not matter.

You’re comparing 0.1 to 2.1. You could be saying you are comparing
one to 21. I guess we’ll take 21 times. We’ll take 21 times as many.

Ot 2|Of. sMTF H=2 ATt 0.1} 2.12 H|WSt= AO|LC}, 11 21 = H|wSk= AO0| 2t

& 4 QICH OfOf 218 A 2 e

= T A



HY: What makesa/ou say 2.1 was much more
dangerous than

EJ: | thlnk two percent more is bigger in El: NE222 B2 AR It A3y AM= o ACtn
extreme situations. MZE0o| £0| Q.

HY: What does that mean? What did you

compare it to? HY: 2T 27} BECH A 22 oj0| Yt R? Y

EJ: The flu rate is 0.1 while coronais 2.1, so | n .
thought it was higher. H| w Sk A7FR 2 OFL| ™ 29 KA 7t

HY: What made did you feel that 0.1% and

]g I1% were abblgdd#ference? Iths %‘VJ\,”E)u’éyaou E: S Z4X|AFE20] 0101 | B R ELE=2.10| 2 A|

elt it was a big difference, right y did you ol A T A o O Ol A ZHS & 7 o=
feel that was a big difference g? (gave her an = OIROIM, 182 2H I L d5S 2t AR M=,
example of tipping 2%)

EJ: Well, 2% may be small in amount or HY: OF, 0.1} 2. 1M E 7} off 2 XIO| 2 =IH K| L1 A0 272
statistically, but if that two percent case 2% K| 2F OH & K}O|2 “IHX|AMNAHZ? f OAH & Xo| 2
happer;]s to me.. becatlj?e olfI tkhe possllobllltles LA MO Q7

it may appenstome eel like it’s a big —o e

different. It is not absolute but relative E: M= 3oLt 8A & 222 = 25 5= X[ O
possibility makes me feel like that. 2E 27} LISHY| 2CHH ... 7t = E 120 4 BHA

HY: How many times as largeis 2.1and 0.1? =AM, 20{A 2l 247 ofL| 3 AlTH R Ol SHEo| 2t e

EJ: Isn't a big difference, actually? It's two
ercent, but'it's not twice, and now it's...It's a HY: 2.1} 0.10] & HY X}O| 17}
ig difference.
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Comparisons of Relative Size are Difficult for Highly Educated
Citizens in the United States

In United States we interviewed high
school mathematics teachers as well as a
doctor working with COVID patients (Yoon,
et. al., 2021).

Both of them had a hard time comparing
the relative size of 2.1 and 0.1. The doctor
was able to figure it out, but was
embarrassed it was so hard for him. The
mathematics teacher struggled for 5
minutes and did not solve the problem.



Responses to “Flu vs. COVID-19 rates”

Approximately Incorrect Askedto Said 2% ofa Said2.1% and  Said scientists
correct multiplicative make large number 0.1% are both incorrectly
multiplicative comparison. multiplicative is very large. small so COVID- estimated
comparison. comparison 19 is not too infection fatality
but citizen serious rates for COVID-
didn’t 19.
respond
Flu is more 1 1 2 3 1 2
severe than
COVID-19
COVID-19 is 12 9 1 12 1 0
more severe
than flu
Unsure if flu or 0 0 1 2 0 0

OVID-19 is
orse

13 10 4 17 2 2




Part 3: How should we help college students?
OtE 3: 22|= O EA ot st = = 2t30{0F ot =7}

Part 3: Open question: Do university professors have a responsibility to help

undergraduates develop productive quantitative meanings that allow them to make
comparisons of relative size? If so, how should we do that?



Poll 2: Is it important for college students to
be able to solve problems like “Gallons to
Liters” and “Nerds to Raps?”

A. Yes.
B. Somewhat.
C. No.

Poll 3: Do you think college instructors have a
responsibility to help college students develop
guantitative meanings for measurement?

A. Yes.
B. Somewhat.
C. No.

A container has a volume of m liters. One gallon 1s 189/50 times
as large as one liter. What is the container’s volume in gallons?

In Nerdland they measure lengths in Nerds. The highlighted arc
measured in Nerds is 12 Nerds. In Rapland they measure
lengths in Raps. One Rap is 3/4 the length of one Nerd. What is
the measure of the highlighted arc in Raps?

Poll 4: College instructors do not have infinite time in
class. Suppose your college students have weak
schemes for measurement. Should you take out
college level material from the course to talk about
secondary material?

A. Yes.
B. Occasionally.
C. No.

If you want, please explain your answer in the zoom chat in English or Korean.
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